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Localized coated pits are considered in the primary steps of receptor-mediated endocytosis. According to the pit reinsertion
mechanism, we have modified our previous kinetic model and studied the effect of diffusion on the trapping rate constant
(k*). Using experimental data for low density lipoprotein (LDL) receptors on fibroblast cells, we found that the binding of
receptors to coated pits is not totally diffusion controlled. For example, the process is less than 78% diffusion controlled if
receptors are not allowed to escape the coated pits. However, due to the large uncertainties in the experimental parameters, a
diffusion-controlled process cannot be ruled out. The greatest differences between localized and random reinsertion were
found when the escaping rate constant (k) is much greater than the rate constant for invagination of the pits (A;). Under
this condition, k* for localized reinsertion is no less than 39% diffusion controlled, while £ for random reinsertion shows

no diffusion effect at all.

1. Introduction

Receptor-mediated endocytosis is one of the
main pathways by which large molecules, such as
hormones, growth factors, toxins, and some viruses
enter the cell [1-4]. This process allows the cell to
internalize efficiently specific ligands of physio-
logical importance from its external environment.
The receptors, which are mobile proteins em-
bedded in the cell membrane [2,3], are able to
bind a particular ligand. For example, in the case
of low density lipoprotein (LDL), glycoprotein
binds to the LDL’s apoprotein B-100 {6]. After
binding the ligand-receptor complex diffuses on
the membrane and aggregates, prior to internaliza-
tion, in specialized regions called coated pits. Ag-
gregation could be independent of binding as in
the case of LDL, where bound and unbound
receptors have been observed in coated pits [7], or
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it could be exclusive for receptor-ligand complexes
as found for epidermal growth factor (EGF) [8].
The coated pits are regions composed mainly of a
protein called clathrin [9] and represent between 1
and 2% of the cell’s surface [10]. These coated
regions are the locations where the membrane
invaginates, carrying with it the receptor-ligand
complex.

A detailed knowledge of the molecular mecha-
nisms involved 1n receptor-mediated endocytosis
has not yet been obtained. Nevertheless, based on
the slow receptor diffusion [11], aggregation to
coated pits has been assumed to be a diffusion-
controlled process [12]. As a consequence most of
the reported calculations use Fick’s diffusion
equation [13-15] and ideas taken from the
Smoluchowski theory of reactions in solutions [16].
With this approach necessary modifications are
introduced to overcome the logarithmic diver-
gence of Smoluchowski’s theory in two dimen-
sions. In contrast, Keizer et al. [17] (hereafter
referred to as I) used the mechanistic statistical
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theory of nonequilibrium thermodynamics [18,19]
to study the model suggested by Goldstein et al.
[1]. Their approach is free of the divergence en-
countered in the two-dimension Smoluchowski
theory and analyzes the effect of diffusion on the
binding of receptors to coated pits by calculating
the steady-state radial distribution function of re-
ceptors around coated pits. Based on experimental
data for LDL receptors on human fibroblast cells,
it was concluded in I that the effect of diffusion
on the binding of LDL receptors to coated pits is
no more than 84% diffusion controlled.

The model used in I allows three possible
mechanisms for the pits’ reinsertion, Two of them,
random reinserted and static pits, were discussed
in I. The third mechanism is a localized coated pit
[20], in which the pit resurfaces at the same loca-
tion where it was prior to investigation. This
mechanism is supported by the observation of a
thin neck [21-23] connecting the invaginated pit
to the original location of the pit on the surface.
In this communication, we extend the results ob-
tained in I to the case of localized reinsertion of
coated pits. In section 2, the receptor-pit radial
distribution function is calculated. The effect of
diffusion on the trapping rate constant is analyzed
in section 3. Finally, in section 4, we compare our
results with those obtained by Goldstein et al.
[20].

2. Localized reinsertion

In contrast with I, where random reinsertion
(RR) was assumed, we consider the case of local-
ized reinsertion (LR) in the context of our kinetic
model of receptor-mediated endocytosis [17].
Moreover, if invagination is assumed to be a first-
order rate process, the rate of change of the num-
ber densities is given by

d
Q= —Ap, A0, (1)
d
E;pip=}‘lpp _xzpip’ (2)

where p, and p,, denote the number density of
surface and invaginated pits, respectively, and A; !
and A7' are the corresponding average lifetimes.
These equations, which replace eq. 2 in I, are the

only differences in the rate of change equations
between the RR and LR models. Thus, on aver-
age, the LR model satisfies the following equa-
tions:

d _ _ _

Eppz _Alpp+)\2pip (3)
d_ _ _

3P =M~ Aapyy (4)
d _ b= — -

3,0 = Kb+ kTp T K, (5a)
d_ .- _

4 P =K PP = Kk By = AP (6)

where p, and p,, are the average number density
for receptors and receptors in pits. k* and k™ are
the binding and escaping rate constants, and K,
the rate of receptor reinsertion. In the calculation
of eqs. 3—6, we have assumed a uniform system.
This means a vanishing contribution to the aver-
age eq. 5 due to receptor diffusion:

9p, 5

(3 o= 27 ()
The solution to the steady-state equations is
e M
P = o M
2

_ _AN+E)

Ss _ 5% 8
pl‘ p k+5;s ( )
5:; = Kr/Al (9)

According to the mechanistic statistical theory of
nonequilibrium thermodynamics (also known as
the fluctuation-dissipation (F-D) theory) [18,19],
fluctuations around the steady state satisfy the
following equations (for details see I)

%Sp =Hép+f, (10)
where 8p" = (8p,, 8p,, 8p3) and fT=(7, 5. /)
are vectors, H is a 3 X 3 matrix, and the indices
are p=1, r=2 and rp = 3. Note that fluctuations
in the density of invaginated pits, 8p;,, do not
appear in eq. 10, because the total number of pits
either on the surface or invaginated is constant,
which means that 8p,, are not independent
fluctuations, i.e., 8pp = —Bpip. The relaxation ma-



E. Peacock-Lopez, J.A. Ramirez / Diffusion effect on trapping by coated pits 119

trix, H, is given by

—(A1+2y) 0 0

H=| —-&'% DV —k'E k™ 8(r—~r).
kg kpE —(M+ k7Y

(11)

The random term, f: is a multivariant white noise
that vanishes on the average and has the covari-
ance matrix [18,19]

e, ) f e, )y =x(r, )8(= ). (12)

v is determined by the postulates of the F-D
theory [18,19] and by the underlying molecular
mechanisms involved in receptor-mediated endo-
cytosis, namely

[ 22,55 0
0 k+5rssﬁ;s
+kTpE—2DV?
Moy — (KRR + kTBy)

y(r, r)=

If we consider H and vy, the only differences
between RR and LR are in the matrix elements
H,, and v,,.

Following Keizer’s theory of rapid reactions
[24], we need to calculate the radial distribution
function of receptors around coated pits, g,;. This
function is related to the density-density correla-
tion {8p,(r)8p,(r'))* by the following equation
[25]

(80,(r) B0, (#))* = 03 (r. 1)

=555 (8 (r, ) 1], (14)
where the angular brackets represent the static
average over the steady-state ensemble. Now, o

is known to satisfy the fluctuation-dissipation the-
orem [18,19] at steady state

Ho+oHT= —y. (15)

The solution to eq. 15 is easily obtained if we first
Fourier transform eqs. 11, 13 and 14

1 ik-r—ik'-»' ’
o, (k, k') = Wfd'fd"e"‘ o, (r 1)
kid
(16)

After a straightforward calculation, one finds that
the pit-receptor correlation function for A, # 0,
given by o, = o0,,, is

k+5_:s§_ssg 5(k—k’
ok, k') =]~ T ( ’;) (17)
2D(& +k?) (27)
where
b=XAb/(A +k7) (18)
b=2A /(A +1,) (19)
[ Bkt + A+ A, 12
—l—D— (20a)
Niy |
“(k+5rssﬁss+k_ﬁ:;)
8(r—1r") (13)
k* pEpse
(KA
and
b= (2A +X,) /(20 + A, + k) (20b)

Although eq. 17 is the same as the one obtained in
I, 5 and the correlation length, ie., £, are
different.
The inverse Fourier transform of eq. 17 yields
FY\SS k+l—7 =55=855 ’
(8o (r)8p, (r'))* = — 55 BBy Ko(Elr =17 1)

(21)
where K is the McDonald function of order zero.
Using eq. 14, the radial distribution function is

g1 =1 22k (er). (22)

Consequently the binding rate constant of recep-
tors to coated pits is given by [17]

K* =K%, (R). (23)

where k° is the intrinsic reactivity, and R the
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radius of the coated pit at which binding occurs.
Eq. 23 is a transcendental equation for k' where
all the parameters, except K~ and k°, have been
measured experimentally. Even though the values
of k= and k° are not known, it is possible to
study the effect of diffusion with the help of a
second relation between k¥ and the experimental
parameters. This relation is given by eq. 8§

Kt = [-’1—':;]%01 e (24)
P> | By

where the ratio p=p_/p* has been measured
[15). Combining eqs. 22 and 23, one finds the
following expression for the binding rate constant
k°[47D/bK,(£R)]

" kO + [4vD/bK,(ER)] (22)

+

In the context of the present theory, we find that
the condition for a diffusion-controlled process is
given by

k°>> 4aD/bK,(£R). (26)
In this case the binding rate constant for a diffu-
sion-controlled process is given by

khite cont. = kp = 4'”D/’;K0(§R), (27)

but eq. 27 has to be consistent with eq. 24, If we
combine them, we obtain the following tran-
scendental equation for &k~

A 27D(1 + i
KO(R\ﬁDlx)=——()\l—f2)% (28)

Table 1

Characteristic parameters for LDL receptors on human fibroblasts

where

x=\/1+f2+M_)(l—+fl_)_ (29)

2+fi+h

The f terms are defined as fy, =k~ /A, and f,=
A,/A,. Thus, if we find the solution to eq. 28, kK~
is given by eq. 29 and k™ by eq. 24,

3. The effect of diffusion

In order to analyze the effect of diffusion on
the binding rate constant, we define the ratio

y=k*/k°. (30)
This ratio combined with eqs. 25 and 27 yields
y=1/[1+k*s(kpy)]. (31)

From this expression one obtains the following
relation

+

=1--—. 32
y = (32)
If we substitute in this equation the values of £+
and k[, given by egs. 24 and 27, one gets

_ P Ax él |
y=1- [5;5] 2aD(1 + £,) K“(R\/;x) (33)

with x given by eq. 29. Eq. 33 will allow us to
examine the ratio k*/k® over the plausible values
of f, =k /X,. Note that the physical region is
given by y >0 where y =0 is the diffusion-con-
trolled case.

Parameter Symbol Value Source
Radius of coated pits R 0.10 pm ref. 15
Receptor diffusion constant D 4.5%1073 (pm)2/s ref. 8
Steady-state density of coated pits (37°C) P’ 0.31 (pm)~2 ref. 15
Invagination rate constant Aq 3.3x107%/s ref. 15
Number ratio of receptors in pits

to receptors out of pits P =Pp/P 2.2 ref. 15
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Table 2

Parameters for the radial distribution function

Case 5 A GTH D (%10~} (pm?/s) Ay A,

h= fi= fiz1
LR1 1 1,/300 45 0.418 0.176 0.200 0.252
LR2 2 1/14° 500 ° 0.449 0.249 0278 0.374
LR3 2 1,/300 45 0.279 0.196 0.220 0.296

2 Value taken from ref. 19.

We will consider experimental parameters of
LDL receptors on human fibroblasts, f, =1 sug-
gested by Goldstein et al. {20] and the values
£, = 2 suggested by Willingham and Pastan [21,22].
For f, =1 and the experimental parameters given
in table 1, one finds the following equation:

y=1- ﬁko(o.os&), (34)
where x varies between 2.049 for f, =0 and 2.933
for f,>> 1. For these values of x, K, varies
between 1.873 and 1.533. This means that k*
varies between 0.78ky and 0.645kp,, where we
have used eq. 32 to calculate the value of £™.

For f,=2, a value of A, =7.15X10 s~ ! has
been suggested [20,23]. Now, if we take the other
parameters from table 1, we find

K, (0.398x) (35)

1
y=1-o1e7

In this case for f;, =0 we have x=2.280 and
K,=0481, while for f, > 1 we have x = 3.435
and K, =0.254. So, the second term on the right-
hand side of eq. 35 is always greater than unity.
This yields a negative value for y which is not a
physical possibility. However, we cannot draw any
definite conclusion since the value of A;, used in
eq. 35, was observed on rodent Swiss 3T3 fibro-
blast cells [22] and not on human fibroblasts.
Moreover, the value of the diffusion coefficient in
table 1 [8] is different from those reported by
Pastan et al. For the diffusion coefficient at 23°C,
they found [23] values between 3x 107!® and
9x 107" cm?/s. Thus, if we take a diffusion
constant equal to 6 X 107! cm? /s and repeat the
calculation that led to eq. 34, one finds the follow-
ing equation

1
y= 1- mKO (0.109)() (36)

Fig. 1. The radial distribution of free LDL receptors around coated pits for random reinsertion and localized reinsertion. Parameter
values taken from tables 1 and 2. The radial distance scale is the radius of a coated pit.
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0.2

r/R

Fig. 2. Direct comparison of the radial distribution of free
LDL receptors around coated pits under three possible condi-
tions. (a) &~ < X, (0) k™ =X, (c) k7> A,

where K (f, =0)=1547 and Ky (f, > A)=
1.173. For this value, £ lies in a physical region
between 0.69%k, and 0.52k. Since f,=2 is a
plausible physical value [23], let us consider it
along with A, and D from table 1. The resulting
equation is given by

y=1- ?;%KO(O.O%x ). (37)

Here one finds a k* =049 for f; =0 and
k*=0.39%g for f, =>1. Thus, care has to be
taken when selecting and varying the parameters.
Otherwise, erroneous conclusions could be drawn

Table 3

Correlation length

Case fH=0 f=1 h>1
LRI $R 5.0R 40R
LR2 4.0R 3.6R 2.7R
LR3 51R 4.5R 34R
RR 6.5R 59R 50R

if the interdependence between the parameters is
neglected.

For the cases discussed above, the radial distri-
bution function for LDL receptors g, is given by

grp(")zl_A1K0(A2’/R)s (38)

where we have used eq. 28. The values of A4; and
A, have been listed in table 2, and g, is depicted
in figs. 1 and 2. Fig. 1 shows the radial distribu-
tion functions for the different cases of the LR
model, and it also includes the RR case obtained
in I. Fig. 2 compares the LR and RR models for
the same value of f,. Finally, we have included the
corresponding correlation lengths, £~ 1, in table 3.

4. Discussion

The exact recycling mechanisms of coated pits
in receptor-mediated endocytosis is not known.
But, it is most probable that pit reinsertion is
either random [20] or localized [21]. In the context
of our kinetic model of receptor trapping in recep-
tor-mediated endocytosis {17] we have analyzed
both cases and found minor differences between
the LR and RR models in the average equations,
the relaxation matrix H, and the correlation ma-
trix y. These minor differences are enough to
produce considerably different diffusion effects on
the trapping rate constant k* for each model. In
the case of RR, we have found in I that &% could
be no more than 84% diffusion controlled when
&~ is much less than A,, and no diffusion effect is
present when k% is much greater than A;. Con-
trasting with this behavior, the LR mechanism
shows some diffusion effect for all possible values
of k. For a quantitative comparison, LR1 will be
used. In this case k* varies between 78 and 69%
diffusion controlled. In all the cases discussed
here, we found no physical solution to the diffu-
sion-controlled case. Thus, despite experimental
uncertainties in the data, one can state that in the
LR model some effect of diffusion is always pre-
sent. This result is depicted in fig. 1 in terms of
the radial distribution function of receptors around
a coated pit. In fig. 1a, £.,(r)=1 implies no
diffusion effect, and the effect of diffusion is
depicted by the dip of the curve near /R =1 for
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possible values of the dissociation escaping rate
constant. In fig. 2, one notices the greatest dif-
ferences between the RR and LR models when
k™= AL

Once the receptor-ligand complex reaches the
pit, binding occurs with an intrinsic rate which is
characterized by k°, the intrinsic reactivity [22].
Combining egs. 8 and 25, one is able to obtain an
expression for k°, namely

T 4aD(1 +1,) ’ (39)

4mDp -
[ PMP ] — (1+/,)bK,(RE)

where b and ¢ are given for the RR model by eqs.
18-20 and for the RR model by eq. 32 in L. For
the particular case &~ = 0, the corresponding val-
ues are k{p, = 4.67k{y; and kR}p = 6.29k 5. These
values of the intrinsic reactivity do not satisfy the
diffusion-controlled condition given by eq. 26.
Consequently, even though receptor diffusion is
slow, the actual binding at the boundary of the pit
is not a rapid process. Thus, assuming a
diffusion-controlled process based only on the slow
diffusion of receptors is questionable. A better
criterion is given by eq. 26, where the intrinsic
reactivity and the diffusion-controlled rate con-
stant are compared.

Solution to eq. 28 implies a total diffusion-con-
trolled process. For the parameters in table 1, we
found no solution for both reinsertion mecha-
nisms. However, the experimental uncertainties, as
large as 33% in the case of the diffusion coefficient
[8]. could sustain solutions to eq. 28. The diffu-
sion-controlled case with X~ = 0 has been studied
in length by Goldstein, Wofsy and co-workers
[11,14,15,20]. Their calculations use Fick’s diffu-
sion equation to estimate the rate constants by
calculating the mean first-capture time for recep-
tors. We could compare our results with theirs by
using £~ =0, and by assuming that the parame-
ters are such that eq. 28 has a solution. Under
these conditions, we recall the expressions for the
trapping rate constants in the RR model and the
static sink model (SS) from I

Kie = 30 (40a)
—8s7 +
Pokrr A
0 D D

! 47D

ks R (40b)
Py ks
Ko\ RV =5
For the LR model, we have
1 4daD
ki =7 ) kT A
LR
i +f2] KO[R\/ PR+ R+S)
(41)

One might be tempted to take the infinite life-
time limit, i.e., A; — 0, in egs. 40a and 41 thinking
that it should lead to eq. 40b. Care has to be taken
in this case. Since eqs. 40a and 41 were obtained
by first solving eq. 15 for A, # 0, one should take
the limit (A, —0) not of eqs. 40a and 41, but
rather of eq. 15 and then solve for ¢,,. In this
limit and using eqs. 14 and 23, one obtains 6,, =0,
g,=1and k* =k for both localized and ran-
dom reinsertion. Thus, the models discussed here
and in I describe an equilibrium state, 1e., g, =1,
when A, — 0. Moreover, the relaxation matrices,
H, for the localized and random reinsertion mod-
els do not reduce to the static sink’s relaxation
matrix in the limit of infimite hifetime [26]. In other
words, the models discussed here and in I do not
reduce to the model of static sinks [26] when
A; — 0. As a result, one should take care and not
expect to obtain the same rate constant [40b] in
this limit.

If f, =1, the following inequality is rigorously
satisfied

ks < krr < kig. (42)

This result is easily obtained, since the McDonald
function of order zero is a monotonic decreasing
function, and because the argument of K, for SS
is less than the argument for RR, and this is less
than the argument for LR.

Whether or not the inequality is satisfied will
depend on the experimental data. However, for a
low pit density, one intuitively expects that a
random reinserted trap will eventually reappear in
regions where no trapping has taken place. In
contrast, a localized trap returns to the same loca-
tion where trapping has already occurred. This
means that a random reinserted pit should trap
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more receptors than a localized pit. In other words,
in the low pit density limit,

+ + +
kgr > kig > 55

and, as a consequence, f, has to be less than
unity (f, < 1) in this low density limit.

On the same intuitive physical grounds, one
expects that for high pit densities a random in-
serted trap will not be able to reappear in regions
where no trapping has taken place. On the other
hand, a localized trap returns to a region that has
had time to relax towards the receptor’s bulk
density. Consequently in the high pit density limit,
one could expect that the relaxed regions encoun-
tered by localized pits would have more receptor
than the regions encountered by random rein-
serted pits. Thus, for the high pit density limit, eq.
42 holds and f, has to be equal or greater than
unity (f, = 1).

The solutions of the transcendental equations,
eqs. 40a and 41, are listed in table 4. For p values
within experimental error, the solutions are con-
sistent with the steady-state condition, eq. 8. A
quantitative comparison with Goldstein et al. is
difficult since the experimental value of p = g /p;"
is not known as a function of D. Indeed, if we
were to make this comparison, we would have to
know the value p for a six order of magnitude
change in D. There is another basic difference
between our calculations and Goldstein’s model
that makes a quantitative comparison even more
difficult. We assume that the pits reappear on the
surface empty, even if they reappear in regions
with bulk receptor density. In our model the re-
ceptors are pushed away from the area when a pit

reappears. Only when the pit is reinserted does it
start trapping receptors again. On the other hand,
Goldstein et al, assume instantaneous trapping of
receptors when pit reinsertion occurs.

Regardless of these difficulties, we at least un-
derstand the difference in the values of k. Gold-
stein et al. [20] reported a mean capture time,
t,=(k*p¥*)"%, of 178 s. This value is obtained if
one uses the Burg and Purcell [26] result in the
limit of dilute ordered sinks

i.D= %2 [In(B/R) —3/4], (43)

where b* = (#p>*)”" and the term 3 /4 depends on
the way in which the boundaries are chosen [17].
In contrast, for completely random sinks, we
showed in I that the dilute limit, independent of
boundary conditions, is given by

t.D= %2 [In(b/R) —0.231]. (44)

Recently, Goldstein (unpublished work) obtained
eq. 44 using the Berg and Purcell method in the
case of random coated pits. Hence, it seems that
the differences in the low density limit between
eqs. 43 and 44 depends not on the technique used
to obtain them, but rather on the pit’s distribu-
tion. This equation is the lowest approximation of
the exact solution to the transcendental equation

¢.D= %ZKO[\/Rz/tCD], (45)

where eq. 45 was obtained by substituting 7_ in eq.
40b. Moreover, for fixed values of p;° and R, the

Table 4
Comparison between random reinsertion (RR) and localized reinsertion (LR) under diffusion-controlled conditions
D (X107 ) (pm?®/s)~! fH AT sThH LR RR
45 1 300 k* /(1072 um?/s) 3.148 2.928
r.(s7h) 102.5 110.2
£U/R 5.26 6.03
0.895 316 k' /(1072 um?/5) 2,913 2916
1. (s 110.7 110.6
¢ /R 5.48 6.08
60 2 14 k* /(1072 pm?/s) 77.978 40.877
t (s 41 7.9

£ /R 3.63 5.5
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product 1. D is a constant. Using the values in
table 1, we found a r, =292 s, which is the exact
mean capture time in the case of long-lived static
sinks. On the other hand, eq. 44 yields a ¢, =238
s. Thus, for the values of interest, eqs. 43 and 44
are poor approximations of the exact solution, and
further iterations had to be considered (see I for
details).

We als note that the parameters, f; =1 and
Ay 1=300 s, used by Goldstein et al. do not
coincide with the experimental values f; =0.895
and A['=316 s. These minor quantitative dif-
ferences produce significant qualitative changes in
our calculations, as can be seen in table 4. For
example, if we use the approximate values f, =1
and A! =300 s, we find that k{y, is greater than
kig- Since receptor-mediated endocytosis can be
considered as a process in the low pit density
regime, this result contradicts our previous heuris-
tic discussion and Goldstein’s findings. This con-
tradiction results from using the approximate val-
ues of the parameters in our equations. The in-
equality, kgg > kT, is obtained when the experi-
mental values of f, and A, are used. In this case,
our results agree qualitatively with the dilute limit
calculation of Goldstein et al. [20].

Our method, although exact, is extremely sensi-
tive to the experimental parameters. Due to large
uncertainties in the measurements, we were not
able to determine whether or not pit remsertion is
random, Nevertheless, we were able to predict the
differences between localized and random rein-
sertion under a partial or a total diffusion-con-
trolled binding process. We expect that refined
measurements, knowledge of the binding process
at the pits’ boundary, and the experimental de-
termination of the radial distribution of receptor
around coated pits will finally determine whether
or not pits are localized.
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